Abstract. I. Bfirfiny and L. Lovfisz [Acta Math. Acad. Sci. Hung. 40, 323-329 (1982)] showed that a d-dimensional centrally-symmetric simplicial polytope ~ has at least 2 d facets, and conjectured a lower bound for the number f~ of i-dimensional faces of~ in terms ofd and the number f0 = 2n of 
Introduction
Let N be a simplicial d-polytope, i.e., a d-dimensional simplicial convex polytope. Let f~ denote the number of/-dimensional faces of ~, where we set f-1 = 1. Define the h-vector h(~) = (ho,h I ..... he) of ~ by the formula
Z f/--l( "X'-1) a-i= Z hi xa-i" (1) i=O i=O
Suppose now that ~ is also centrally-symmetric (about the origin), i.e., ~ is embedded in Euclidean sp~e so that if v s ~ then -v ~ ~. Bfirfiny and Lovfisz [1] showed that ~ then has at least 2 d facets (or (d -t)-faces), equality being achieved by the d-dimensional cross-polytope (the dual to the d-cube). They also conjectured that if ~ has 2n vertices (i~e., fo = 2n), then
L-, >--2" + 2(. -d)(d -1).
(Actually, Bfirfiny and Lov~.sz deal with simple polytopes and state all their results and conjectures in dual form to ours.) The inequalities (2) and (3) 
and more strongly (since ho = 1),
It is easily seen (see Corollary 4.2) that the inequalities (5)imply (2) and (3) . In this paper we will prove the conjectures (4) and (5) of Bj6rner. We will establish (4) for a much broader class of objects than centrally-symmetric simplicial polytopes, but for (5) we are unable to weaken these hypotheses. Briefly, the idea behind the proofs is as follows. If A is a Cohen-Macaulay simplicial complex, then the theory of Cohen-Macaulay rings shows that h~ > 0 by interpreting h; as the dimension of a certain vector space A i. When in fact A is the boundary complex of a simplicial polytope, the theory of toric varieties allows us to construct injective linear transformations Ai_ 1 -* A i, 1 <_ i <_ [d/2] . Hence here we get h 0 <_ h~ _< ... _< h~e/2 ~. When we have a group G of order 2 acting on A in a suitable way (which for the boundary complex of a centrally-symmetric polytope is induced by the map v ~ -v on N)then G acts on the vector spaces A~, and by decomposing this action into isotypic components (with respect to the two inequivalent irreducible representations of G), we can improve the inequalities h~ _ 0 and ho < h~ < "" < hte/2 J to (4) and (5), respectively.
Algebraic Background
We now review some algebraic concepts associated with simplicial complexes. See, e.g., [2] or [10] for more details. Let A be an abstract simplicial complex on the vertex set V = {xl ..... x,}. Let K be a field, and let I s be the ideal of the polynomial ring K[xl ..... x,] generated by all square-free monomials xq'"x~ r for which {xi,, .... xir} ~A. 
Group Actions
Now let G be a group of automorphisms of the simplicial complex A. Thus each ~ G is a bijection a: A ~ A such that ifF c F'~ A, then a(F) c a(F'). In particular, a permutes the vertex set V, and a is completely determined by its action on V. We say that G acts freely On A if for every a ~ 1 in G and every vertex x ~ V, we have that x v~ a(x)and that {x,a(x)} is not an edge of A. Equivalently, for every x~ V the open stars of the elements of the orbit Gx are pairwise disjoint.
We come to the first of our two main results. 
F(V,q,t)= E i>_O
Since (see [10, eqn. (5)3) [
it follows from (7) 
that (writing h i = hi(A))
rX~d h i 7 i F(K[A], q, t) = 1 + ~ L (1 -q)~ 1~(1 + t).
r((01), q, t) = qt" F(KEA3, q, t).

Hence
F(K[A]/(01), q, t) = (1 -qt)F(K[a], q, t).
Each time we divide out by another 0 i we pick up another factor of 1 -qt, so (9) by (8) . Since (1 + t)= t(1 + t), it follows that g(t)(1 + t)= g(1)(1 + t) for any function g. Similarly g(t)(1 -t) = g(-1)(1 -t). In particular, (9) h + =dimA + =~ hi+ , be checked that we obtain inequalities weaker than h/_> (J). Thus the choice t° = 0 leads to the strongest possible result, and we will see in the next section why it is more "natural" than the choice g' = d. Before turning to the case of centrally-symmetric polytopes, let us briefly consider extending Theorem 3.1 to other groups G. We only deal with the case where G is abelian; for nonabelian G we need to consider delicate properties of irreducible representations of G and their tensor products.
F(A'q't)=~[ (l+q)a(1-t)+(l+t)£h'qi]~=o
hi =dimA[ = hl - .(10)
Theorem 3.2. Let A be a (d -1)-dimensional Cohen-Macaulay simplicial complex, and suppose that an abelian 9roup G of order g > 1 acts freely on A. Then
In particular, 
Let A = C[A]/(OI,..., Od). We obtain as in (9)that F(A, G; q) = (i -qt)dF(C[A], G; q).
Substituting (11)into (12) and using the "symmetrizing" property of 2 ;(, we get
F(A,G;q)=(1-ql) d +l_~gk0 hiqi-(1-q)e] (~Z)"
Suppose i is even. Let t # X e G. The coefficient of q~z in the right-hand side of
(13)is(hi-(di))/g, sohi>-(di) •
Suppose i is odd. The coefficient of q~l in the right-hand side of (13) 
be any finite (d-1)-dimensional simplicial complex, and suppose that an abelian group G of order g acts freely on A. (In fact, we need only to assume that if 1 ¢ ~ ~ G and ;g ~ F ~ A, then tr(F) ~ F.) Then hi( A) =-( -1)i ( di ) (mod g ).
In particular, the reduced Euler characteristic In the case of arbitrary Cohen-Macaulay A (i.e., no group action), the ring structure on A leads to a complete characterization of the h-vector of Cohen-Macaulay simplicial complexes (see, e.g., I-9, Thm. 2.2, p. 65]). In the present situation we don't see how to obtain such strong results, it is easy to see that A + is a graded algebra generated by elements of degrees one and two (whose number can be specified) and that A-is a graded A+-module with generators (as an A+-module) in degree one. This observation ieads to some information about the h-vector, but it seems far from definitive. For instance, we have the following result. 
Ifeitherjisevenorj-izseven, thenhj=(~).
Proof. Sincehi=(di) wehaveA 7, =0by(10). Supposej>_iandAf •0. 
Theorem 4.1. If ~ is a centrally-symmetric simplicial d-polytope, then hi(5°)-hi-l(~) >----i--1
Proof. We may assume that N a ~d. Moreover, since any sufficiently small perturbations of the vertices of a simplicial polytope do not affect its combinatorial type, we may assume that ~ is rational, i.e., the vertices of ~ have rational coordinates (with ~ still centrally-symmetric about the origin). We can now invoke the theory of toric varieties, as discussed, e.g., in [10] . Let X = X(~) be the toric variety corresponding to ~ with cohomology ring (over N, say) /4*(X) = H*(X; ~)= H°(X) e H2(X)e ""e/-/2d(X). (2) and (3) .
Proof. We have hl = fo -d = 2n -d. Hence by (14) and the Dehn-Sommerville equations,
This is equivalent to (2) and (3) by simple binomial coefficient identities.
O<i<d-2 []
As was the situation for Theorem 3.1, the ring A = A + • A-together with the element co e A~-can be used to obtain some additional information about h-vectors of centrally-symmetric simplicial polytopes, but nothing nearly as definitive as
McMullen's g-conjecture (see [10, For additional results along these lines, see [7] . Let us also remark that Conjecture 3.5 is valid for centrally-symmetric simplicial polytopes. In fact, we have the following result. []
